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Spectral Graph Theory:
Eigenvalues and graph properties
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Spectral Graph Theory
Basic results

o We shall work with d-regular undirected graphs.

o It will be convenient to work with the matrix L = [ — %A instead
of the adjacency matrix A.

@ The matrix L defined above is called the Normalized Laplacian
Matrix of the graph.

@ We prove the following basic results of spectral graph theory.

Theorem

Let G be a d-regular undirected graph, and L = | — %A be its
normalized Laplacian matrix. Let \; < Ao < ... < )\, be the real
eigenvalues of L with multiplicities. Then

QO N =0and A\, <2.

@ M\, =0 ifand only if G has at least k connected components.

© )\, =2 if and only if at least one of the connected components of
G is bipartite.

o’
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Spectral Graph Theory
Cheeger’s Inequality

@ Given a d-regular undirected graph with normalised graph
laplacian L =1 — %A having eigenvalues
D= < <. <A\, <2,

o We know that the second eigenvalue A\, = 0 if and only if G has
at least two connected components.

@ In other words, the second eigenvalue A\, = 0 if and only if
#(G) =0.

o We will prove an approximate version of this result that says that
A2 is small if and only if ¢(G) is small.

Theorem (Cheeger's Inequality)

2 <$(G) < V2 X
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Spectral Graph Theory
Cheeger's Inequality

Theorem (Cheeger's Inequality)

2 < ¢(G) < V2N

o First we will prove the following direction.

A2 < 0(G) < 2¢(G). I
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Spectral Graph Theory
Cheeger’s Inequality

A2 < 0(G) < 2¢(G).

Proof sketch

o We can write:
Z{u,v}eE xu = x|
min g
xe{0,1}7—{0,1} < Z{u’v} Xy — x|
min Z{U,V}EE(XU - Xv)2
xe{0.1}"—{01} 435, 3 (% — x,)?

o(G) =
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Spectral Graph Theory
Cheeger’s Inequality

A2 < 0(G) < 2¢(G).

Proof sketch

o We can write:

. Z{U,V}EE(XU - XV)2
xe{o1}"—{01} 437\ (xy — x,)?

o(G) =

o Also, we have

m Z{U,V}EE(XU - XV)2
x€RM—{0},x L1 d->, x2

A =
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Spectral Graph Theory
Cheeger’s Inequality

A2 < 0(G) < 2¢(G).

Proof sketch

o We can write:

. Z{u,v}eE(xU - XV)2
xe{o1}"—{01} 437\ (xy — x,)?

o(G) =

o Also, we have
2
Xy — Xy
Ay = . Z{U,V}EE( u 5 )
x€RM—{0},xL1 d-y, x2
2 min Z{U,V}GE(XU - XV)2
xeR"—{0}x11 9 . > fuvt (Xu —xv)?
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Spectral Graph Theory
Cheeger’s Inequality

A2 < 0(G) < 26(G).

Proof sketch

o We can write:

Z{u,v}EE(XU - XV)2

G) = i
o(C) xe{0.1)" 0.1} D3 ey (% — %0 )

o Also, we have

. Z{U,V}EE(XU - XV)2
x€R"—{0},x11 d- Zv X%
Z{U,V}EE(XU - XV)2
xE€RM—{0} x 11 % Dy (% — X, )2
? . Z{u,V}EE(xU —xy)?
o) T3, 00 =%

A =
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Spectral Graph Theory
Cheeger’s Inequality

A2 < 0(G) < 2¢(G).

Proof sketch

o We can write:

Z{u V}EE(XU - XV)

a(G) = " 7 —
xE{Ol} {0,1} E{uv}(xu Xy)

o Also, we have
q Z{u,v}GE(XU - XV)2
min _
xER—{0},x |1 d-y, x2
. Z{u v}EE(XU - XV)
x€ERMN— {0},>u_1 = Z{u v}(xu —x,)?
q Z{u v}EE(XU - V)2
xeRA- {o 14 Dy (Xu —x0)?

Ay =

e So, X < 0(G). O
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End
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